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Abstract 

In this paper, we establish Schur-Weyl reciprocity between the quantum general super Lie algebra 
Uq (g((m, n)j and the Iwahori-Hecke algebra Hq(q),r{q)- We introduce the sign q-permutation repre- 
sentation of TiQ( q ),r(q) on the tensor space V® r of (m + n) dimensional Z2-graded Q(q)-vector space 
V = VoffiVj. This action commutes with that of Uq n)) derived from the vector representation 

on V. Those two subalgebras of End t j( 9 )(I / ® r ') satisfy Schur-Weyl reciprocity. As special cases, we 
obtain the super case (q^>l), and the quantum case (n = 0). Hence this result includes both the 
super case and the quantum case, and unifies those two important cases. 

1 Introduction 

In the representation theory, the classification and the construction of the irreducible representations 
are essential themes. In the first half of the twentieth century, I. Schur[TT] introduced a prominent 
method to obtain the finite dimensional irreducible representations of the general linear group GL(n, C), 
or equivalently of its Lie algebra Ql(n, C), which we call Schur-Weyl reciprocity at present. Schur applied 
this method to the permutation action of the symmetric group & r and the diagonal action of GL(n, C) 
on the tensor powers V® r of the n dimensional complex vector space V. 

After this work, Schur-Weyl reciprocity has been extended to various groups and algebras. BrauerpP 
obtained the centralizer algebra of the orthogonal Lie group 0(n). Sergeev^^l an d Berele-Regev0| 
extended the Schur's result to the general super Lie algebra g[(m, n). Jimbo[H| extended it to the q- 
analogue case. He established Schur-Weyl reciprocity between the quantum enveloping algebra U q (gl n+ i) 
and the Iwahori-Hecke algebra of type A. As in the book of Curtis-Reiner|2j, the representation theory of 
Iwahori-Hecke algebras is an important part in representation theories of finite groups of Lie type. Hence 
we will focus on the representation theory of Iwahori-Hecke algebras. 
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In UJ, we defined a g-dcformation of the alternating group as a subalgebra of the Iwahori-Hecke 
algebra, and determined all the isomorphism classes of (ordinary) irreducible representations. After 
[§] , we intended to compute character values of irreducible representations directly using combinatorial 
method. But this strategy did not go well because the notion of conjugacy classes of the g-deformation 
of the alternating group is obscure, hence we could not apply the classical^ = 1) case which is found in 
5 . Thereby we will take a representational approach to obtain the character table. 

In |10j . Regev obtained double centralizer properties for alternating groups. Roughly speaking, his 
result claims when one restrict the representation of the symmetric group on tensor space to the alter- 
nating group, the corresponding centralizer algebra enlarges in "super case" while does not change in 
"normal case". Those facts suggest that Schur-Weyl reciprocity for g{(m,n) is more suitable to describe 
the representation theory of the alternating group than that for Ql(n). 

In this paper, we establish Schur-Weyl reciprocity between the quantum superalgebra Ug(Ql(m, n)) 
and the Iwahori-Hecke algebra WQ( 3 v r (<f). We define the sign g-permutation representation of HQ(q),r(Q) 
on V® r using an operator T on V® 2 defined by: 



(-l)W( q + q-i)+ q -q 



-l 

Vk®vi if k = I, 



v k ®v{T = \{-\)H\\'«i\ Vl 2 l v k + {q-q- 1 )v k ^Vi if k < I, ( L1 ) 
(-l)MMvi®v k i£k>l, 

where V is an (to + n) dimensional Z 2 -graded Q(g)-vector space and |-| is the degree map. This action 
reduces to the sign permutation action(see 0]) of the symmetric group when q— >1 and to the well-known 
action of Ti.q^ r (q) obtained from Drinfeld-Jimbo solutions to the Yang-Baxter equation when n = 0. 

The quantum superalgebra has been defined in several articles such as 0,111 or U° (g[(m, n)) 

is a Hopf algebra obtained from the "naive" quantum superalgebra U q [gl(m, n)), which is a Hopf su- 
peralgebra, by adding an involutive element a. We show that the vector representation of Ug(gl(m, n)J 
on V® r , which is found in [3], and the sign g-permutation representation of r Hq( q ),r(l) are commu- 
tants of one another in V® r . Furthermore, extending the base field to the algebraic closure and ap- 
plying the double centralizer theorem, we obtain the tensor space decomposition of 



%0(qj r(')® (^9 (flK m J n ))®Q(<l)) -modules. Our result will be very useful to the representation theory of 
the g-deformation of the alternating group. 



2 The sign (/-permutation representation of the Iwahori-Hecke 
algebra of type A 

In this section, we shall define the sign g-permutation representation of the Iwahori-Hecke algebra of type 
A, which is a g-deformation of the sign permutation module introduced by several precedent works such 
as m, 021- 
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Let (W, S = {si, . . . , s r }) be a Coxeter system of rank r. Let R be a commutative domain with 1, 
and let qi(i = 1, . . . , r) be any invertible elements of R such that qi = qj if is conjugate to Sj in VF. 
The Iwahori-Hecke algebra Hr(W, S) is an i?-algebra generated by {T Si \si£S} with the relations: 

(HI) Tl = ( qi - qr 1 )^ +1 if i = 1, 2, . . . , r, 

(H2) (T St T S] ) k >i = (T s .T Si ) fe « if my - 2%, 

(H3) (T Si T s .) fe «T Si = {T Sj T Si ) k ^T Sj if my = 2fcy + 1, 

where m,j is the order of s^Sj in VK. We define T w = T Sii T Si2 ■ ■ -T Si where w = Si 1 Si 2 - ■ -s ik is a reduced 
expression of w. It is known that T w is well defined because two elements T w and T w >, where w and w' 
are reduced expressions of an element of W, coincide and that {TiuliueW} form a basis of Hr(W 7 S) as 
free i?-modules. The relations (H1)-(H3) is equivalent to the following two relations: 

(hi) T Si T w = T SzW if l(w) < l(siiu), 

(h2) T Si T w = (% - q^)T w + T SiW if l(w) > l(siw), 

or equivalcntly, 

(h'l) T w T Si = T WSi ifl(w) < l(wsi), 

(h'2) T w T Si = (q, - qr 1 )^ + T WSi if l(w) > l(w Si ), 

where l(w) means the length of w. We write Tj = T Si for brevity. 

If (W, S) is of type A and of rank r— 1, then W is isomorphic to the symmetric group & r . Furthermore, 
all the elements of S are conjugate to each other, hence we may assume q\ = ■ ■ ■ = q r -i = <?• The Iwahori- 
Hecke algebra Ti.R, r (q) = Hr(W 7 S) of type A has defining relations: 

(Al) Tf = (q-q- 1 )T i + l if i = 1, 2, . . . , r - 1, 
(A2) T^+xT, = T 4+1 T 4 T 4+1 if * = 1, 2, . . . , r - 2, 
(A3) TiTj = TjTi if > 1. 

Let V = ®™=iRvk be a Z2-graded i?-modulc of rank m + n. By Z2-graded, we mean that V is a direct 
sum of two submodules Vg = ®™ =1 Rvu and = ®™=™ +1 Rvk, and that for each homogeneous element 
the degree map |-| 

'o ifweVb, 
l ifueVi, 

is given. In order to define a representation of HR. r (q) on l/® 1 ", we define a right operator T on V^<8>F as 
follows. 

-Vk®v\ if k = I, 



v = 



v k ®viT 



2 

(-1)1^11^1^0^ + iffc<Z, ( 2J ) 

^-l)!"*!!"^®^ iffc>Z. 
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The factor 2 1 in the case k = I vanishes whether t>fc€Vg or v k &V\. So the above definition makes sense on 
R. Now wc obtain right operators Id®* -1 ®T® ld® r-i-1 (i = 1, 2, . . . , r-1) on V® r where Id is the identity 
operator on V. Let us define a map ir r : {T u . . . , T r _i} — >End R (V® r ) by n r (T t ) = Id® 1 " 1 ®T(g) Id® r-t-1 
(i = l,2,...,r-l). 

Theorem 2.1. ir r defines a representation of TL Rr {q) on V® r . 

Proof. One can check that the above operators satisfy the defining relations (A1)-(A3) by a direct 
computation. For example, the relation (Al) is shown as follows, 
easel : k = I 

V k ®V k T 2 = + q- 1 ) + q - q-^v^Vk 

= \{q 2 + q- 2 + (-1) W (<Z + q-^iQ - ff" 1 )}**®** 

Vk®V k {{q - q^T + 1} = (g ~ 2 g \ (-l) M (q + q' 1 ) +q- ^H®^ + V k ®V k 

= \{q 2 + <r 2 + (-i) KI (? + q- v )(q - T 1 ) W®^* 

case2 : k < I 

v k ®viT 2 = {{-iy VklM vi®v k + {q- g _1 )w fc ®«i}T 

= v k ® Vl + {q- q'^li-l^^v^Vk + (q- g -1 )^®^} 
= (q~ <7 -1 )(-l) |t,fclk,l W/®Wfe + {q 2 + q- 2 - l)« fc ®«i 

ffc®f;{(<2- + 1} = g~ 1 ){(-l) KIKI v;®Vfc + (g-? -1 )^®^} + Vfc®v; 

= (q - g- 1 )(-i) l "' t||u,| ^®ufe + (<z 2 + <T 2 - l)« fc ®Ui 

case3 : k > I 

v k ®viT 2 = (-^^{(-l^Mv^ + (q - q-^vmk} 
= v k ®vi + (-I)I^H^I(q - q-^vmk 

v k ®vi{{q - q-^T + 1} = (q - q-^-l^W^vi^Vk + v k ®Vi 
(A2) can be shown in a similar manner to (Al), albeit slightly lengthy. The relation (A3) is obvious. □ 
Remark 2.2. Another definition of the Iwahori-Hecke algebra, which is frequently used 

(A'l) T? = {q>- m + q' if * = 1,2 r-1, 

(A'2) f.f^f, = f i+1 fif i+1 if i = 1, 2, . . . , r - 2, 

(A'3) f i f j = f j f i if > 1, 



4 



can be obtained from previous definition (Al)-(A3) by letting q' — q 2 and Tj = qTi. Accordingly, we get 
another right operator T on V®V as follows. 

■i — '- KH ' — v k ®v k j£k = l, 

v k ®viT= ^ (_i)l«*IM^ Wj8t?k + (g* _ i) Wjk8t?J iffc<Z, (2.2) 

We can also define the action of the alternative generators Tj of the Iwahori-Hecke algebra in a similar 
manner. 

This representation 7r r is reduced to the (normal) g-permutation representation of H.R. r (q) obtained 
from Drinfeld-Jimbo solutions to the Yang-Baxter equation when n — and to the sign permutation 
action (see 0]) of the symmetric group when q— >1. 

3 The quantum superalgebra Uq\Ql{m y n)j and the vector repre- 
sentation 

In Kac's paper [Jj, classical superalgebras have been classified and studied in detail. Quantum superal- 
gebras have been defined in several articles such as 0,0 or ^2] ■ Each definition of them seems to be 
based on [7j essentially. U£ (fl[(m, n)j is a Hopf algebra obtained from the "naive" quantum superalgebra 
U g (al(m, n)j , which is a Hopf superalgebra, by adding an involutive element a. According to 0, we 
adopt {/^(^[(m, nj) to construct the vector representation on the tensor space V® r . 

Let II = {cti}i & i be a set of simple roots with the index set I = {1, . . . , r}. We assume that I is a 
disjoint union of two subsets / even and I dd- We define a map p : I — >{0, 1} to be such that 



if l £icvcn, 

1 if ie/odd- 



Let P be a free Z-module which includes all oti£P(i£l). We assume that a Q-valued symmetric bilinear 
form on P (•, •) : PxP — >Q is defined and that the simple coroots hi£P* (i£l) are given as data. The 
natural pairing (•, •) : P*xP — >Z between P and P* is assumed to satisfy 

if i — j and i£l even , 
(hi,ctj) — {0 or 2 if i = j and i£l dd, 
if i^j. 

We denote by II V = {hi\i£l} the set of all coroots. Furthermore, for each i£l we assume that there 
exists a nonzero integer £j such that £i(hi,X) — (aj,A) for every \£P. Then we immediately have the 
Cartan matrix A = [{hi,ocj)]ij is symmctrizable because £i(hi,aj) — (ai,otj) = (otj,ai) — ij(hj,ai). We 
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mention that the symmetrized matrix is A sym = diag(^i, . . . ,£ r )A = [((Xi, ctj)]ij . Let f) = P*(8>zQ- Then 
$ = (f), Il v , II) is said to be a fundamental root data associated to A. Let g = g(&) be the contragredient 
Lie superalgebra obtained from <I> and p. According to [3], we define the quantized enveloping algebra 
U q {o) to be the unital associative algebra over Q(q) with generators q h (h&P*),ei, fi(i£l), which satisfy 
the following defining relations (compare |Hj and 

(Ql) q h = 1 for h = 0, 

(Q2) q hl q h2 =q h i+ h i for h 1 ,h 2 eP*, 

(Q3) q k e l = q^ a ^e iq h for heP* and iel, 

(Q4) q h fi = q- {h ' a ^fiq h for heP* and iel, 

(Q5) [ei, fj] = Sij — ■ j — q for i,jel, 

q ' — q 1 

where [ei, fj] means the supercommutator 

[e i ,fj] = e i f J -(-l)« i >*®f j e i . 
We assume further conditions (bitransitivity condition, see p. 19): 
(Q6) If a£ Uq(n+)eiU q (n+) satisfies fiaeU q (n+)fi for all iel, then a = 0, 
(Q7) If ae J^igj ^z( n -)/i^g( n -) satisfies ejaGt/ g (n_)ej for all then a = 0, 

where U q (n+) (resp.L r 9 (n_)) is the subalgebra of U q (g) generated by {ei\i€l} (resp. {/i|i€l}). E/ g (0) is 
a Hopf superalgebra whose comultiplication A, counit e, antipode S* are as follows. 

A(q h ) = q h ®q h for heP* , 

A(ei) = ei®q' Uhi + \®e l for iel, 

A(/ i ) = / i Ol + ^ i ®/ i farieJ, 

e( 9 h ) = 1 for /ieP*, e(ei) = e(/i) = for iel, 

S(g ±h ) = g =Fft for heP *^ 

S(e.i) = -e iq l ' h <, S(fi) = -q-'^fi for iel. 

This is not a Hopf algebra. In order to give a Hopf algebra structure to U q (g), we define an involutive 
operator a on U q {g) by a(q h ) = q h for all heP* and crfe) = (-l) p «e 4 , a{f z ) = for all iel. 

Let U q (g) — U q (g)Q)U q (g)cr. Then U q (g) is the algebra with the additional multiplication law given by 
a 2 = 1 and er — ^er = er(a;) for any xeU q (g). U q (g) is a Hopf algebra whose comultiplication A„, counit 
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e<j, antipode S a are as follows. 

A CT (cr) = cngiCT, 

A^g 1 ) = for heP*, 

A CT (e 4 ) = em~ hhi + <7 p «® ei for ieJ, 

A ff (/,) = + ^^S/ t for ieJ, 

£ CT (er) = = 1 forheP*, £ CT (e,) = £„(/;) = for iel, 

S a (a)=a 7 S a (q ±h ) = qT h for heP\ 

S„(e t ) = -<r p(j W*\ S,x(/i) = for tel. 

The quantized enveloping algebra U q (gt(m 7 n)) is obtained from the fundamental root data as follows. 

• I = PvonUPdd is defined by 7 evon = {1, 2, . . . , m - 1, m + 1, . . . , m + n - 1} and 7 odd = {to}, 

• P = ®b e sZef,, where P = P + UP_ with B + = {1, . . . , to} and P_ = {m + 1, . . . , to + n}, 

• (•, •) : PxP — >Q is the symmetric bilinear form on P defined by 



(e ,eo') 



1 ifa = a'eP+, 
-1 ifa = a'eP_, 
otherwise, 



• IT = {aj|iG/} is defined by a, = — e i+1 , 

• IT V = {/ij|ie/} is uniquely determined by the formula £i(hi, A) = (aj, A) for any AgP, 
where 

1 if i = 1, . . . , to, 
-1 if i = to + 1, . . . ,ra + n — 1. 

Let V be as in section2, and suppose R — Q(q). The vector representation (p,V) of C/^ (gt(m, n)) on 
Z 2 -graded vector space V = VgeVj (recall that = ®il 1 Rv i ,Vi = ®T=m+i Rv i) is defined by 

p(cr)vj = for j = 1, . . . ,m + n, 

p^)^. = gr^C 1 )^- for h£P*,j = 1, . . . , to + n, 

p(ej)vj + i — Vj for j = 1, . . . , to + n — 1, (3.1) 

= v j+i for j = 1, . . . , m + n - 1, 
otherwise 0. 
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This representation can be extended to the representation on the tensor space V® r . Let p r be the map 
from U^(sl(m,n)) to End Q(g) (V® r ) defined by 

p r (a) = p(*f r , 

Pr(q h ) = P(q h )® r iorheP*, 

N 

PM) = p(<J p{l) f k ' 1 ^p(e t )^p(q- e ^)^ k for iel, (3.2) 

k=l 
r 

Pr(fi) = E Pi^q^r^pim Id® 1 """ for i&I. 
k=l 

Proposition 3.1 ([3j Propositions. 1). p r gives a completely reducible representation of t/^(g[(m, nj) 
on V® r for r>l. 

Making use of the comultiplication of Hopf algebra, we obtain p r . Let A^ 1 ' = A a at first and set 
AW = (A^Id®* 5-1 ^* -1 ) inductively. Then from the definition of A ff , we have p r (x) = p® r o/sS r - l )(x) 
for x£Uq[gl(m, n)J immediately. 

4 Schur-Weyl reciprocity for L7?(gl(m, n)) and HQ^ r (q) 

In the preceding sections, we obtained the left action of Uq(gl(m, n)) and the right one of 'Hq(q),r(q) on 
the tensor space. We notice that the element q of Q(q) is an indeterminate. In this section we derive the 
commutativity between these two actions. Furthermore, we establish Schur-Weyl reciprocity for these 
two algebras. We consider the relation between the vector representation pi and the operator T, both 
act on the tensor space V® 2 , at first. 

Proposition 4.1. T commutes with the action of U° (g[(m, n)) on V® 2 which is given by the represen- 
tation pi- 
Proof. The action pi{g) = {p®p) A CT (g) of [/^(g[(m, n)) on V® 2 is defined in several cases depending 
upon the generator of Ug (g[(m, n)) and the basis vector v^vj of V® 2 . 
Casel : g — a 

One can immediately check the commutativity between p2 and T. 
Case2 : g = q h {heP*) 

It is clear in this case because of the equation, 

P2(q h )vi®Vj = q^q^v^Vj = qte+vWivitoVj. 
Case3 : g — e^ [k = 1,2, . . . ,m + n) 



s 



We obtain the case-by-case definition of pi from (3.2) as follows. 





Vi-i®Vj 

g~ ( ~ 1)K3 'vi-i<8w,- 



if i,j^k + 1, 

if i = k + l,j^k,k+ 1, 

if i = k + 1, j = fc, 



(4.1) 



+ (-l)l«il**m Ui (g l ,; j ._ :l if j = k+ 1, j = fc + 1, 
(-l)ki|5fem ?; .0 Uj _ 1 if j^fc + lj = k+ 1. 

The operator T has already defined in (2.1). One can check the commutativity between T and p2 by a 
direct computation in each case. 
Case3-1 : i,j^k + 1 

In this case, we imediately see (p2(efe)«i®Wj)T = P2{ek){vi®VjT) = 0. 
Case3-2 : i = fc + l,j>fc + l 

{p2(ek)vi(3vj}T = Vi-i<g>VjT 

= (-l) |t,l - l||t,3l wj®w 4 -i + (q- q^M-i^Vj 
P2(e fe )(wiO^T) = / 5 2 (efe){(-l) |t ' l|l ^ l w 3 ®w 4 + (q - g -1 )^®^} 
= (-l^W+^l^®^.! + (g - g->;_i®^ 

If fc < m, then = \vi\ = 5k m = 0. If k = to, then = 0, \vi\ = 1,4m = 1. If fc > to, then 

\vi-i\ = \vi\ = 1,4m = 0. In each case, {p2{ek)Vi®v 3 }T = P2(ek){vi l SiVjT) holds. 
Case3-3 : i = k + 1, j < k 

{p2(ek)vi l SiVj}T = Vi-i^VjT 

P2{e k ){v i m j T) = p 2 (e fe ){(-l) l ' ,il1 ^ 1 ^®^} 
= (_i)(l*«l+**™)l«jl Ui (g) Wi _ 1 

As in the case3-2, {p 2 (ek)vi®Vj}T = p2{ek){vi®VjT) holds. 
Case3-4 : i = k + 1, j = k 



{p2(ek)vi®Vj}T = q 



= q-(-V ,Vj, 2- 1 {(-l)M(q + q- 1 )+q-q- 1 }v j ®v j 
p 2 (e k )(v i ®v j T) = /o 2 (e fc ){(-l) |, " l|,,il « J -®«i} 

If fc < to, then = 5km = 0. If fc = to, then = 0, Sk m = 1. If fc > to, then = |uj+i| = 1, 4n 
In each case, {p 2 (ek)vi®Vj}T = p2{e-k){vi®VjT) holds. 



0. 



9 



Case3-5 : i = k + 1, j = k + 1 

{p2(ek)vi®Vj}T = {q^^Vi-^vj + {-l)^ s ^v l (g>v^ 1 }T 

= q^ lV ' 1 (-l^-^v^v^ + {qt- 1 ^ (q - q' 1 ) + (_l)(K-d+^)KI j^^. 

P2(ek)(vi®VjT) = p 2 {e k ){^-^ — + g - + g — - — v^Vi} 

= { ( ~ 1)K ' (9+g ; 1)+g ~ g " 1 }{ g (- i ) Ki ^- 1 0^ + (-1)1-1'-^!} 

If fc < to, then |t>j_i| = = 4m = 0. If fc = to, then = 0, |i>j| = 4m = 1. If k > to, then 

= H = 1,4m = 0. In each case, {p 2 (e k )vi®v j }T = p 2 (e k )(v i <giv j T) holds. 
Case3-6 : i < k, j = k + 1 

{p2(e k )vi®Vj}T = (-l)l'"l 4 *™« i ®«j_iT 

p2(e fc )(wi®«jT) = p2(e fe ){(-l) |ui|1 ^ 1 ^®^ + (q - g" 1 )^®^} 

= + (g - g- 1 )(-l) |t, - |5 <"^®t; i _ 1 

If fc < to, then = |i>j_i| = = 5 km = 0. If fc = to, then \vi\ = \vj-i\ = 0, \vj\ = S km = 1. If k > to, 
then = \vj\ = 1,6km = 0. In each case, {p2(ek)vi*g)Vj}T = P2(e k )(vi(^VjT) holds. 

Case3-7 : i = k, j = k + 1 

{p2(ek)vi®Vj}T = {-l)^ 5 «™ Vi ®v j _ 1 T 

= ( _ 1) KI^(- 1 ) I - I (^^ 1 )+^-^ 1 ^ 

p2{e k ){v i ®v j T) = p 2 (ek){(-l) lvilM v j ®v i + {q - g" 1 )^®^} 

= + (q - q-^i-l^^Vi^Vi 

If fc < to, then \vi\ = \vj\ = 6 km = 0. If fc = to, then |t>j| = 0, \vj\ — 6 km = 1. If fc > to, then 
Kl = \ v j\ = l,6k m = 0. In each case, {p2{e k )v i l S>Vj}T = p 2 (e k ){v i l S>VjT) holds. 
Case3-8 : i > k + l,j = k + 1 

{p2(e k )v i ^v j }T = {-iy Vi \ 5 «™v i ®v j - 1 T 

= (— l)(l*J-il+**«*)l«*l 1 ; i _ 1 <8iv i 
P2(e fe )(wiO^T) = p 2 {e k ){-l) lVillvsl v j ®v i 

If fc < to, then |uj-i| = = 4m = 0. If fc = to, then \vj-i\ — 0, \vj\ = 6 km = 1- If fc > to, then 

= = 1,4m = 0. In each case, {p2(e k )vi®Vj }T = p 2 (e k )(vi®VjT) holds. 
Case3-1 to Case3-8 exhaust the possible cases in (4.1), thus we have checked the commutativity for case3. 



10 



Case4 : g — fk (k = 1,2, ... ,m + n) 
In a similar manner to case3, we obtain 







(-l)l»il**m w .g, Wj + 1 



if i,j^k, 

if i^k, k + l,j = 



k 



P2(fk)Vi<S>Vj = < 




Vi®Vj + i 
Vi®V j+ i 



if i = k,j = k, 
if i = k + 1, j = k, 
if i = k,j^k, 



and one can check for this case, so we omit the detail. 

Finally, these exhaust the entirely possible cases, thus we have completed the proof. 



□ 



Proposition 4.2. For every g&Hq^^q) and xGUg (flt(ra, n)) ; we have -K r {g)p r (x) = p r (x)ir r (g). 

Proof. When r = 2, we have already shown in proposition 4.1. It is enough to prove for g€:{T\, . . . , T r _i}. 
We deduce from cocomutativity of A CT that 



n r (Ti)p r (x) = {ld® i - 1 ®7r 2 (T i )®Id® r - i - 1 Jl^oAf- 1 '!!)} 

= {Id® 1 - 1 ^^)^^^" 1 - 1 }{p^ r o (id^- 1 ®A CT ®id® M - 1 )A('- 2 )( a ;)} 

= { ®i~Jl p(x k )}(g)TT2(T i )A <J (x i )(g>{ P{xi)} 
= { ®i~Jl p(x k )}®k a (x> i )TT 2 (T i )®{ ®\Zl +1 p(x t )} 

= {p® r o (id^-^A^id^-^^A^^JIld® 1 - 1 ^^)^^^- 1 - 1 } 
= p r (x)n r (Ti) 

□ 

We may define Q q to be the subalgebra of End^ ((i? m+ ")® r )^ Mat ((m + n) r ,-R ) generated by 
the set {p r (a), p r (q h ), p r (ei)p r (fi)\hGP* ,i£l} because all the matrix elements of those generators are in 



AW = (A <7 Oid® r - 1 )A( T '- 1 ) 
= (idoA^^id^-^A^" 1 ) 
= (id® 2 ®A <J <8>id® r - 3 )A<'- 1 ) 



(id^-^A^A^- 1 ' 



where id is the identity operator on 11° {^[{m, n)). For any r with r > 2, we may write A^ r 2 ^(x) = 
xi®- ■ -®x r -i for some x\, . . . , x r -\^XJ° (gi(m, n)). Then applying the case r = 2, we have the following. 
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i?o from (3.1) and (3.2). For the same reason we may also define S q the one generated by {ir r (Tj)\j 
1, . . . , r — 1}. Let us define two subalgebras of Mat urn + n) r , Rq) as follows. 

S q = {Xe Mat ((m + n) r , R ) \XY = YX for all YeS q } 
G q = {Xe Mat ((m + n) r , R ) \XY = YX for all YeG q ] 



Let i? 



q x ] be the Laurent polynomial ring. Let us define the specialization to a nonzero complex 



number t to be a ring homomorphism ip t : i?o — with the condition <ySt(<z) = i. C becomes (C, i?o) _ 
bimodule, with Rq acting from the right via (p t . Applying the spacialization ip t , we obtain the specialized 
algebras Gt = < £®R G q and St = C®R S q which are subalgebras of Mat ((m + n) r ,C). We also have 
Gt = C(^u G q and St = C(3n S q immediately. 



Proposition 4.3. Q q 



S q and S q 



Q q hold. 



Proof. Since Rq is a principal ideal domain, the submodules Q q and S q of the free i2o-module Mat f(r 



n) r ,i?o) are also free. Let Xi(q)£ Mat ((to + n) r , Rq\ (i = 1,...,N) be a basis of t/ g and x t ' (q)€Ro 
the (fc,/)-entry of Xi(q). Then we immediately have that the specialized elements Xi(t)(i — 1, ... , TV) 

for 



generate Gt and dime Gt < rankfj C/ g . Because Xi(q) are linearly independent, 53i=i a i(q) x i' l (q) 



«i(q), . . . , aN(q)&Ro and for all fc, Z imply a%(q) 
equations as follows. 

1,1/ 



a N(q) — 0. We consider the system of linear 



1.2 



L (a) 
(?) 



i,i 



1.2 



(9) 
(?) 



(m+n) 7- ,(m+n) T '- 
(m+n) r ,(m+n) T 



(?) 



(m-\-n) r ,(m-\-n) r — 1 



(m-\-n) r ',(m+n)' 



(i) 



(?) 



^(9) 



(m+rt) r ,(jn+n)* r — 1 



(m+nj^m-f-n) 7 
C 7V 



(9) 



oti(q) 

"2(9) 
ajv(g). 



This has only the trivial solution. But applying the specialization ip t to the above system, we possibly 
obtain a non-trivial solution. If there exists a non-trivial solution, then t must be a zero of some Laurent 
polynomial whose coefficients are in Q. Therefore if £ is a transcendental number, the above system has 
only the trivial solution and hence dime Gt — rank^ G q - In the same manner, we also have that if t is a 
transcendental number, then dime St = rankR S q . 

We shall show that rankfj S q = dimc<St- One can readily see that rankR S q > dime St where St 
is the specialized algebra of S q . Assume that X(q) = (x k,l (q)^E Mat ((m + n) r , i?o)£<S 9 . Then X(q) 
commutes with iT r {Ti) for all i, hence the matrix elements x k,l {q) (k, I = 1, . . . , (m + n)® r ) satisfy linear 
equations of coefficients in Rq. In the same manner as G q , one can find that the commutativity condition 
turns out to be the condition of solubilities of certain Laurent polynomials of coefficients in Q. Thus 
if t is a transcendental number, only the trivial equation exists, so rank^ S q — dime St holds. In a 
similar manner, we also have that if t is a transcendental number, then rankfl G q = dimc^t- Now we 
fix a transcendental number t. In the preceding work such like 0], |12| . it has already been shown that 
S\ =Q\. From this fact and the inequality 



dime Gx < dime Gt< dime St< dime S% 
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we deduce that dime Q t = dime St- Because QtQSt, we obtain Q t = St- It is known that the specialized 
algebra Hc, r {t) — C(8)fl Wfl 0iT .(g | ) is (split)scmisimple. Therefore applying the double centralizer theorem, 
we also obtain S t = Qt- Using the properties, 

dim c Qt, 
dim c S t , 
dim c Q t , 
dim c S t , 

which are already shown in the previous discussion, we readily see that Q q — S q and S q = Q q . □ 

We denote ^r(T^Q(q),r(Q}) by A q and p r (U q (fl((m, n))) by B q . Then we have the following. 
Theorem 4.4. End B(! V® r = A q and End Ag V® r = B q hold. 

Proof. Obviously A q = S q ®R Q(q) and B q = G q ®R„Q(q) as Q(q)-algebras. From proposition4.3 we 
obtain that EndB 9 V® r = A q and End^ V® r = B q , and we have completed the proof. □ 

5 Decomposition of the tensor space 

Let Q(q) be the algebraic closure of Q(q). We define U q (gi(m, n)) = U q (gt(m, n))(^q^Q(q), A q = 
A q (g> qiq) Q(qj, B q = B q (g> Qiq) Q(qj. Then, K r (H^ r (q)) = A q and Pr (U%(%l{m, n))) = B q as Q(qj- 
algebras of operators on V® r = (U<8)Q( (? )Q(g))® r '. Theorem4.4 still holds when we exchange the base field 
from Q(q) to Q{qj, namely, End^ V® r = A q and End^ V® r = B q . 

We denote by Par(r) the set of all partitions of r. By the double centralizer theorem, there is a subset 
T of Par(r) such that A q = ®\erA q .\ where A q .\ is the Wedderburn component corresponding to the 
irreducible representation of r (q) indexed by A. Moreover, we also obtain the decomposition of 

n ®(q),M)®U q (fl((m, n))-modules, 

V® r = Q)H x ®V x , (5.1) 
Aer 

where H x is the irreducible representation of r (q) indexed by A, and V\ is the one of U q (si{m, n)) 

such that Vx^V^ if A ^ fi. Our subject in this chapter is to determine V. 

Let H(m, n; r) = {A = (Ai, A 2 , . . .)€ Par(r)|Aj<n if j > to}. Diagrams of elements of H(m, n; r) are 
exactly those contained by the (to, n)-hooks. We shall show that T — H{m, n; r). 

Theorem 5.1. A q = © AeH(ro ,„. r) A q , x . Hence V® r = © Aeff(m ,„ ;r) H X ®V X holds. 

Proof. When q= 1, then Berele and Regev have already shown that 



rank fio Q q = 
rank/jo S q = 
rank flo Q q = 
rank^j, S q = 
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Theorem 5.2 ([4J3.20 The Hook Theorem). Let F be an algebraic closed field of characteristic 
and p the sign permutation representation on V® n where V is a (fc, I) -dimensional vector space over F. 
Then 

p(F[&n})= A X = h 
\eH(k,l-n) XeH(k,l;n) 

where each A\ is the Wedderburn component corresponding to A, and I\ is a simple subalgebra of F[& n ] 
such that p{I\) = A\. 

Thus r = H(m, n; r) holds for q = 1. Let t be a transcendental number. We have already shown in 
the proof of proposition4.3 that dime Q t = dime Gi and dime St = dime S±. Let St = (Bag Par(r) ^>*>* be 
the Wedderburn decomposition. Then, by Theorem5.2, we have S±^\ — if and only if X^H(m,n;r). 
Because dime <St,x> dime <Si,a for every As Par(r) and dime St = dime <Sj., we have dime St,\ = dime iSi^ 
for every AePar(r). Thus we obtain that S t = ® X eH( m ,n-r) S t^- Since A = (S q ®R Q(q))®(}( q )Q{q) 
and diiriQ( g ) A q — dimc^t, we immediately get dim^^y^ = dimc5f. Because t is transcendental, 
dim^-^A = dim c 5 t:A for every AePar(r). Thus we conclude that A q = ®\ eH {m,n;r) Tlic 
second statement is the direct consequence of the double centralizer theorem. □ 
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